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The interaction between atoms in a two-component Bose-Einstein condensate (BEC) is effectively
modulated by the Rabi oscillation. This periodic modulation of the effective interaction is shown
to generate Faraday patterns through parametric resonance. We show that there are multiple
resonances arising from the density and spin waves in a two-component BEC, and investigate the
interplay between the Faraday-pattern formation and the phase separation.
I. INTRODUCTION
Bose-Einstein condensates (BECs) of ultracold al-
kali atoms are generated through magnetic and optical
means, and are created in one of several hyperfine states
of the electronic ground state. When the hyperfine state
is coherently coupled with another hyperfine state by mi-
crowave or radio-frequency wave, Rabi oscillation occurs
between the two states, resulting in a two-component
(binary) BEC [1–3]. Coherently-coupled two-component
BECs have much richer physics than single-component
BECs, and they have been studied in detail theoreti-
cally [4–12].
Recently, a coherently-coupled BEC of the hyperfine
states |F = 1,m1〉 and |F = 1,m2〉 of 87Rb atoms was
experimentally investigated [13], where F is the hyper-
fine spin and m1,2 = 0,±1 are the magnetic quantum
numbers. Since F = 1 is the lowest-energy hyperfine
spin, stable Rabi oscillation over a long duration was
realized with precise control of the coupling field. In
this experiment, excitation patterns were observed in the
atomic cloud after Rabi oscillation with a small Rabi fre-
quency (∼ 100 Hz), which was also confirmed numeri-
cally (Figs. 7(d) and 8 in Ref. [13]). This excitation of
the BEC can be interpreted as follows. Suppose that all
the atoms are in state 1 or 2 at some instant. The en-
ergy density of the interatomic interaction for this state
is g11n
2/2 or g22n
2/2, where n is the atomic density and
gij is the interaction coefficient between states i and j.
When states 1 and 2 become equally populated in the
course of the Rabi oscillation, the energy density becomes
(g11+2g12+ g22)n
2/8. Thus, the interatomic interaction
effectively oscillates in time due to the Rabi oscillation
unless g11 = g22 = g12. Such an effective modulation of
the interaction can be used to control the dynamics of
BECs [14, 15].
In a single-component BEC, the periodic modulation
of the interaction by, e.g., a Feshbach resonance, was
shown to excite a pattern in the atomic density through
a parametric resonance, which is called the Faraday pat-
tern [16]. Such Faraday-pattern formation was experi-
mentally observed by periodic modulation of the trans-
verse confinement in a cigar-shaped BEC [17], which ef-
fectively modulates the interaction. The Faraday waves
can also be generated in two-component BECs [18], dipo-
lar BECs [19], and Fermi-Bose mixtures [20].
Motivated by the experiment reported in Ref. [13],
in the present paper we theoretically investigate
Faraday-pattern formation in a coherently-coupled two-
component BEC. Based on the oscillation of the effective
interaction due to the Rabi oscillation, Faraday patterns
are shown to be excited without any modulation of exter-
nal parameters. Since there are two types of elementary
excitations in a two-component BEC, i.e., density and
spin waves, multiple wave-number excitations appear in
the Faraday waves. In the case of g11 = g22, we find
that three wave numbers are excited, which arises from
the resonance of the Rabi oscillation with density-density,
density-spin, and spin-spin waves. We show using Flo-
quet analysis that the Faraday-wave excitation can coex-
ist with phase separation due to the immiscibility of the
two components.
The reminder of this paper is organized as fol-
lows. Section II formulates the mean-field description
of a coherently-coupled two-component BEC. Section III
presents numerical results of the time evolution of the
system. Section IV performs the Floquet analysis of the
Rabi induced excitations. Section V studies the reso-
nance conditions and provides the mechanism of multiple
resonances, and Sec. VI concludes the study.
II. COUPLED GROSS-PITAEVSKII
EQUATIONS
We consider a two-component BEC in uniform space at
zero temperature. In the mean-field approximation, the
condensate is described by the macroscopic wave func-
tions ψ1(r, t) and ψ2(r, t) for components 1 and 2, re-
spectively. We normalize the length, time, and atomic
density by an arbitrary length L, time T , and density n0,
where ~T = ML2 is satisfied with M being the mass of
an atom. The coupled Gross-Pitaevskii (GP) equations
2are then given by
i
∂ψ1
∂t
= −∇
2
2
ψ1 + g11|ψ1|2ψ1 + g12|ψ2|2ψ1 − iΩψ2,
(1a)
i
∂ψ2
∂t
= −∇
2
2
ψ2 + g22|ψ2|2ψ2 + g12|ψ1|2ψ2 + iΩ∗ψ1,
(1b)
where gij = 4πaijL
2n0 is the nondimensional interaction
coefficient and aij is the scattering length between atoms
in states i and j. The phase of the Rabi coupling is
determined by the phase of the coupling field, and Ω is
taken to be real and positive without loss of generality.
In the following study, for simplicity, we assume g11 =
g22 ≡ g > 0 and g12 > 0. We also assume that the
initial state is the uniform state with equal population,
ψ1(t = 0) = ψ2(t = 0) = 1/
√
2.
In the noninteracting system (g = g12 = 0), the uni-
form solution of Eq. (1) is given by
ψ1(t) = cos(Ωt+ π/4), (2a)
ψ2(t) = sin(Ωt+ π/4). (2b)
We note that the oscillation frequency of the densities
|ψ1|2 and |ψ2|2 is 2Ω.
In the absence of the Rabi coupling (Ω = 0), the misci-
bility of the two components is determined by the inter-
action coefficients gij . The frequency ω of the excitation
with wave number k for the state ψ1 = ψ2 = 1/
√
2 has
the form [21],
ω2 =
ǫk
2
[
2ǫk + g11 + g22 ±
√
(g11 − g22)2 + 4g212
]
= ǫk(ǫk + g ± g12), (3)
where ǫk = k
2/2 is the kinetic energy of a free parti-
cle. The frequency ω in Eq. (3) becomes imaginary for
g11g22 = g
2 < g212, which corresponds to the instability
of phase separation. The most unstable wave number is
k =
√
g12 − g.
When the Rabi coupling Ω is much larger than the en-
ergy scale of the interaction gij , the system is effectively
described by the dressed states ψ± = (ψ1±ψ2)/
√
2. The
intra- and inter-component interactions for the dressed
states are given by [2, 22–24]
g++ = g−− =
1
4
(g11 + g22 + 2g12) =
1
2
(g + g12), (4a)
g+− =
1
2
(g11 + g22) = g. (4b)
Using these effective interaction coefficients g++, g−−,
and g+− in Eq. (3) instead of g11, g22, and g12, we find
ω2 = ǫk[ǫk + (3g + g12)/2], ǫk[ǫk + (g12 − g)/2]. (5)
The miscibility condition for large Ω is therefore oppo-
site to that for Ω = 0, i.e., the uniformly mixed state
ψ1 = ψ2 = 1/
√
2 is unstable and phase separation oc-
curs for g > g12. The most unstable wave number is
k =
√
(g − g12)/2.
FIG. 1. (color online) Time evolution of the system with-
out Rabi coupling (Ω = 0) for the immiscible condition,
g = 1 and g12 = 1.4. The density profile of component
1 in the real space, |ψ1(r, t)|
2, and that in the momentum
space, log |ψ˜1(k, t)|
2, are shown in the upper and lower pan-
els, respectively. See the Supplemental Material for a movie
illustrating the dynamics [26].
III. TIME EVOLUTION OF THE SYSTEM
We investigate the dynamics of the system by solv-
ing the GP equation (1) numerically. For simplicity,
we consider a two-dimensional (2D) system. In the nu-
merical calculation, the wave function is discretized into
a 2048 × 2048 mesh, where each mesh has dimensions
dx = dy = 0.2, and the size of the entire 2D space is
409.6× 409.6. The time evolution is obtained using the
pseudospectral method [25]. The initial state of ψ1(r)
and ψ2(r) is set to be a constant 1/
√
2 plus a small
random number for each mesh. This small initial noise
breaks the exact numerical symmetry and triggers spatial
pattern formation. Because the pseudospectral method
is used, a periodic boundary condition is imposed.
First, in Fig. 1, we show the case without Rabi cou-
pling (Ω = 0), where the interaction coefficients satisfy
the immiscible condition, g = 1 and g12 = 1.4. We see
that the density pattern emerges in |ψ1(r, t)|2 (and also
in |ψ2(r, t)|2) at t = 50, which leads to the phase sep-
aration at t = 70. In this dynamics, the total density
|ψ1(r, t)|2 + |ψ2(r, t)|2 is almost constant with time. In
Fig. 1, the logarithmic density profile in the momentum
space, log |ψ˜1(k, t)|2, is also shown, where
ψ˜j(k, t) =
∑
r
ψj(r, t)e
−ik·r (6)
is the discrete Fourier transformation over the numerical
mesh. The ring-shaped peak appears in the momentum
distribution due to the pattern formation. The radius
of the ring at t = 50 is k ≃ 0.4-0.8, which includes the
most unstable wave number predicted from Eq. (3), k =√
g12 − g ≃ 0.63.
Figure 2 shows the dynamics in the presence of the
Rabi coupling with Ω = 0.8. Starting from ψ1 = ψ2 =
3FIG. 2. (color online) Time evolution of the system with
Rabi coupling (Ω = 0.8) for g = 1 and g12 = 1.4. (a) The
density profile of component 1 in the real space, |ψ1(r, t)|
2,
and that in the momentum space, log |ψ˜1(k, t)|
2, are shown in
the upper and lower panels, respectively. See the Supplemen-
tal Material for a movie illustrating the dynamics [26]. (b)
Time evolution of the population Pj(t) in each component for
0 < t < 30 and 30 < t < 300.
1/
√
2, the two components undergo Rabi oscillation with
angular frequency ω ≃ 1.62, as shown in Fig. 2(b). Due
to the Rabi oscillation, the lifetime of the uniform dis-
tribution is prolonged, compared with that in Fig. 1 for
the same interaction coefficients g = 1 and g12 = 1.4.
At t ≃ 100, the density pattern emerges, as shown in
Fig. 2(a). Interestingly, three rings appear in the mo-
mentum space at t ≃ 100 (i.e., three wave numbers are
simultaneously excited) with radii k ≃ 1.3, 1.5, and 1.75.
Among the three rings, the outermost ring becomes dom-
inant and the innermost ring disappears at t ≃ 143. In
Fig. 2(b), the time evolution of the population (j = 1, 2)
Pj(t) =
∫ |ψj(r, t)|2dr∫
[|ψ1(r, t)|2 + |ψ2(r, t)|2] dr (7)
of each component is plotted. The amplitude of the oscil-
lation in Pj(t) decreases as the pattern develops, which
is due to the inhomogeneous Rabi oscillation.
In the following sections, we will show that the exci-
tation of the three wave numbers in Fig. 2(a) is due to
the interplay between the Rabi oscillation and the inter-
atomic interaction. The population of each component
oscillates due to the Rabi oscillation, and this leads to os-
cillation of the interaction energy because g 6= g12. Such
oscillation of the effective interaction causes parametric
resonance with Bogoliubov modes, which is reminiscent
of Faraday-pattern formation in a single-component BEC
with time-dependent interaction [16].
Figure 3 shows the case of g = 1 and g12 = 0.8, for
FIG. 3. (color online) Time evolution of the system for
Ω = 0.6, g = 1, and g12 = 0.8. (a) The density profile of
component 1 in the real space, |ψ1(r, t)|
2, and that in the
momentum space, log |ψ˜1(k, t)|
2, are shown in the upper and
lower panels, respectively. See the Supplemental Material for
a movie illustrating the dynamics [26]. (b) Time evolution of
the population Pj(t) in each component for 0 < t < 30 and
30 < t < 300.
which the two components are miscible for Ω = 0 and
immiscible for Ω → ∞. For the intermediate value of
Ω, the immiscibility coexists with the Faraday-pattern
formation due to the Rabi oscillation. At t ≃ 180, a thick
ring is observed near the center in the momentum space,
in addition to the thin three rings. The central ring in
the momentum space arises from the phase separation
of the dressed states. According to Eq. (5), the most
unstable wave number for Ω→∞ is k =
√
(g − g12)/2 ≃
0.3, which is in reasonable agreement with the radius of
the central ring. As shown later, the outer three rings
correspond to the Faraday-like excitation due to the Rabi
oscillation. In Figs. 2 and 3, the patterns also appear in
component 2 (data not shown), and the total density
|ψ1(r, t)|2 + |ψ2(r, t)|2 is almost uniform.
IV. FLOQUET ANALYSIS
To study the excitation spectra shown in Figs. 1-3 in
more detail, we performed Floquet analysis as follows.
The Rabi oscillation in the uniform system is described
by the wave functions as (j = 1, 2)
ψj(t) = e
−iµtfj(t), (8)
where µ is a real constant and fj(t) are periodic complex
functions satisfying fj(t + T ) = fj(t), with T being the
Rabi oscillation period. We write the small excitation of
4the state (8) as
ψj(r, t) = e
−iµt [fj(t) + δψj(r, t)] . (9)
We assume that the excitation has wave number k,
δψj(r, t) = uj(t)e
ik·r + v∗j (t)e
−ik·r. (10)
Substituting Eqs. (9) and (10) into the GP equation (1),
we obtain four coupled differential equations,
iu˙1 = (ǫk − µ)u1 + g
(
2|f1|2u1 + f21 v1
)
+g12
(|f2|2u1 + f1f∗2u2 + f1f2v2)− iΩu2,(11a)
iv˙1 = − (ǫk − µ) v1 − g
(
2|f1|2v1 + f∗21 u1
)
−g12
(|f2|2v1 + f∗1 f2v2 + f∗1 f∗2u2)− iΩv2,(11b)
iu˙2 = (ǫk − µ)u2 + g
(
2|f2|2u2 + f22 v2
)
+g12
(|f1|2u2 + f∗1 f2u1 + f1f2v1)+ iΩu1,(11c)
iv˙2 = − (ǫk − µ) v2 − g
(
2|f2|2v2 + f∗22 u2
)
−g12
(|f1|2v2 + f1f∗2 v1 + f∗1 f∗2u1)+ iΩv1.(11d)
The coefficients of uj(t) and vj(t) on the right-hand side
of these equations are all periodic with period T , since
f1(t) and f2(t) are periodic functions. Therefore, ac-
cording to the Floquet theorem, there exist solutions
u = (u1, v1, u2, v2)
tr satisfying
u(t) = eλtp(t), (12)
where tr indicates transpose, λ is the Floquet exponent,
and p(t) are periodic functions with period T . At t = T ,
Eq. (12) becomes
u(T ) = eλTp(T ) = eλTp(0). (13)
We perform the Floquet analysis numerically as fol-
lows. We first obtain the uniform solution (8) by solving
the uniform GP equation using the Runge-Kutta method,
which yields µ, T , and fj(t). Next, we integrate Eq. (11)
from t = 0 to t = T using the Runge-Kutta method,
where the initial values of u are ua(0) = (1, 0, 0, 0)
tr,
ub(0) = (0, 1, 0, 0)
tr, uc(0) = (0, 0, 1, 0)
tr, and ud(0) =
(0, 0, 0, 1)tr, giving ua(T ), ub(T ), uc(T ), and ud(T ), re-
spectively. Using these results, we define a 4 × 4 matrix
as
UT = [ua(T ),ub(T ),uc(T ),ud(T )]. (14)
The values of u(t = T ) for arbitrary initial values u(t =
0) can be expressed as
u(T ) = UTu(0). (15)
The eigenvalues and eigenvectors of UT thus correspond
to eλT and p(0) in Eq. (13), respectively.
We focus on the largest real part of the Floquet expo-
nents λ among the four eigenvalues of UT , which we de-
note Reλmax. If Reλmax is positive, u(t) (and therefore
δψ(r, t)) grows exponentially in time, and the uniform
FIG. 4. (color online) Largest real part of the Floquet ex-
ponent, Reλmax, as a function of wave number k, obtained
by solving Eq. (11) and diagonalizing Eq. (14) numerically.
When Reλmax > 0, the system is dynamically unstable to ex-
citation of wave number k. (a) g12 = 1.4 and (b) g12 = 0.8.
In (a) and (b), we plot the imaginary part of ω in Eqs. (3)
and (5) for Ω → 0 and Ω → ∞, respectively. The vertical
dotted lines are the solutions of Eq. (22).
state is unstable to excitation of wave numbers k. Fig-
ure 4 shows Reλmax as a function of wave number k. In
Fig. 4(a), the three peaks for Ω = 0.8 correspond to the
three rings in Fig. 2. The three wave numbers in Figs. 2
and 4(a) agree well. As the Rabi coupling Ω is decreased,
the peaks shift toward smaller k and the rightmost peak
grows while the left two peaks decay, as shown by the
curve for Ω = 0.3 in Fig. 4(a). In the limit of Ω → 0,
the left two peaks disappear and the rightmost peak con-
verges to the imaginary part of ω in Eq. (3). Thus, for
g12 > g, the instability of Faraday-wave excitation due to
the Rabi oscillation for Ω 6= 0 is continuously connected
to the phase separation for Ω = 0.
In the case of g12 = 0.8, the uniform state ψ1 = ψ2 =
1/
√
2 is stable in the absence of the Rabi coupling, and
therefore, Reλmax = 0 for Ω = 0. In the limit of Ω→∞,
on the other hand, the dressed states become immiscible
according to Eq. (4). In Fig. 4(b), we plot the imaginary
part of ω in Eq. (5). For an intermediate value of Ω, in
addition to the dressed-state instability, the three peaks
appear, as shown by the curve of Ω = 0.6 in Fig. 4(b).
Thus, in this parameter regime, the phase-separation in-
stability of the dressed states coexists with the instability
5of Faraday-wave excitation due to the Rabi oscillation. In
the case of g12 = g = 1, we find that Reλmax = 0 for any
Ω, i.e., the uniform state is stable.
V. RESONANCE CONDITION
In Figs 2, 3, and 4, we numerically found that three
wave numbers are excited by the Rabi oscillation. Here,
we clarify the mechanism of this excitation spectrum.
First we consider the case of g = g12. For the initial
condition ψ1(0) = ψ2(0) = 1/
√
2, the uniform solution of
the GP equation (1) is given by
ψ1(t) = e
−igt cos(Ωt+ π/4), (16a)
ψ2(t) = e
−igt sin(Ωt+ π/4). (16b)
We add a small excitation to this state as
ψ1(r, t) = e
−igt [cos(Ωt+ π/4) + δψ1(r, t)] , (17a)
ψ2(r, t) = e
−igt [sin(Ωt+ π/4) + δψ2(r, t)] . (17b)
It is convenient to define δψd(r, t) and δψs(r, t) using
δψ1(r, t) and δψ2(r, t) as
δψd = cos(Ωt+ π/4)δψ1 + sin(Ωt+ π/4)δψ2, (18a)
δψs = cos(Ωt+ π/4)δψ2 − sin(Ωt+ π/4)δψ1. (18b)
Substituting Eqs. (17) and (18) into the GP equation (1)
and neglecting the second- and third-order terms of
δψd(r, t) and δψs(r, t), we obtain the linearized equa-
tions of motion for δψd(r, t) and δψs(r, t) as
i
∂δψd
∂t
= −∇
2
2
δψd + g(δψd + δψ
∗
d), (19a)
i
∂δψs
∂t
= −∇
2
2
δψs. (19b)
Equation (19a) has the same form as that of the single-
component BEC and thus gives the well-known Bogoli-
ubov spectrum ω =
√
ǫk(ǫk + 2g). This excitation mod-
ulates the total density, and can be regarded as a density
wave. Equation (19b) gives the free-particle spectrum
ω = ǫk. Since the interaction coefficient g is not included
in Eq. (19b), the excitation occurs with the total density
kept constant, which can be regarded as the spin wave in
the quasi-spin picture of two components. Since Ω is not
included in both Eqs. (19a) and (19b), the Rabi oscilla-
tion has nothing to do with the excitations for g = g12.
We next consider the case of g 6= g12. We assume that
the difference between g and g12 is much smaller than Ω
and take the lowest order of
g12 − g ≡ γ (20)
in the calculation. The corrections to the linearized equa-
tions of motion (19) then become (see Appendix)
i
∂δψd
∂t
= −∇
2
2
δψd + g(δψd + δψ
∗
d) + γA(δψd, δψs)
+γB(δψd, δψs) cos 4Ωt+ γC(δψd, δψs) sin 4Ωt,
(21a)
i
∂δψs
∂t
= −∇
2
2
δψs + γA
′(δψd, δψs)
+γB′(δψd, δψs) cos 4Ωt+ γC
′(δψd, δψs) sin 4Ωt.
(21b)
The functions A, A′, B, B′, C, and C′ in Eq. (21) are
linear with respect to δψd, δψ
∗
d, δψs, and δψ
∗
s , whose
explicit forms are given in Eq. (A3) in the Appendix.
In the simple parametric resonance [27], the resonance
condition is determined by two frequencies: the natural
frequency of the oscillator ω0 and the frequency of the
external driving force ω1. The parametric resonance oc-
curs when ω1 ≃ 2ω0 = ω0 + ω0, where we neglect the
higher-order resonance. In Eq. (21), the frequency of the
driving force ω1 corresponds to the frequency 4Ω of the
sinusoidal functions, sin 4Ωt and cos 4Ωt. The natural
frequency of the oscillator ω0 corresponds to the frequen-
cies that are determined by the first lines in Eq. (21),
i.e., the terms without the sinusoidal functions. These
frequencies ωd and ωs are obtained in Eq. (A5) in the
Appendix. The frequencies ωd and ωs in Eq. (A5) re-
duce to ωd →
√
ǫk(ǫk + 2g) and ωs → ǫk, for γ → 0, and
therefore, can be regarded as the excitation frequencies
of the density and spin waves, respectively. Since there
are two frequencies ωd and ωs, the parametric resonance
can occur for
4Ω = 2ωd, (22a)
4Ω = 2ωs, (22b)
4Ω = ωd + ωs. (22c)
For example, the resonance condition in Eq. (22c) can
be understood as follows. In the dynamics of Eq. (21),
δψd and δψs acquire a frequency component of ωd (ωs).
This frequency component is multiplied by the sinusoidal
functions on the right-hand side of Eq. (21), which gives a
frequency component of 4Ω−ωd (4Ω−ωs). The resonance
occurs when this frequency is close to another frequency
component of δψd and δψs, i.e., ωs (ωd), which gives
Eq. (22c).
In Figs. 4(a) and 4(b), the three vertical dotted lines
show the wave numbers obtained by solving Eq. (22)
with respect to k using Eq. (A5). These analytically
obtained wave numbers are in good agreement with the
three numerically obtained peaks. The leftmost, middle,
and rightmost peaks correspond to the resonance condi-
tions in Eqs. (22a), (22c), and (22b), respectively. It is
interesting to note that the rightmost peak is related to
the spin-waves, because it continuously changes into the
peak of Ω = 0 in Fig. 4(a). This is understood from the
fact that the phase separation is triggered by the spin-
wave excitation for Ω = 0.
6We have thus shown that the excitations of multiple
wave numbers observed in Figs 2, 3, and 4 originate from
the parametric resonance of the density and spin waves
with Rabi oscillation. The three wave numbers come
from the combinations of density-density, spin-spin, and
density-spin waves.
VI. CONCLUSIONS
We investigated the dynamics of a two-component
BEC with Rabi coupling, and found that the spatial pat-
terns are excited by the Rabi oscillation. Due to the
Rabi oscillation, the population of each component oscil-
lates, resulting in the oscillation of the effective interac-
tion. The oscillation of the interaction causes Faraday-
pattern formation through parametric resonance. Since
there are two kinds of excitations in a two-component
BEC, i.e., density and spin waves, multiple resonances
exist. We found three resonance peaks in the momentum
space (Figs. 2, 3, and 4), which originate from the reso-
nance of the Rabi oscillation with spin-spin, spin-density,
and density-density wave excitations. We also showed
that these parametric resonances coexist with the phase
separation of the dressed states (Figs. 3 and 4(b)).
Experimentally, the multiple wave-number excitation
presented in this paper may be observed by time-of-flight
expansion with Bragg spectroscopy [28]. The effects of
trapping potential and the imbalance in the intracompo-
nent interaction (g11 6= g22) deserve further study.
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Appendix A: Corrections to the equations of motion
for excitations
In this appendix, we derive Eq. (21), which is the
equation of motion for excitations in the case of |γ| =
|g12− g| ≪ Ω. We first make a correction to the uniform
solution for g = g12 in Eq. (16) as
ψ1(t) = e
−i(g+δµ)t cos(Ωt+ π/4)[1 + ∆1(t)], (A1a)
ψ2(t) = e
−i(g+δµ)t sin(Ωt+ π/4)[1 + ∆2(t)], (A1b)
where ∆1, ∆2, and δµ are O(γ). Substituting Eq. (A1)
into the GP equation (1) and neglecting the terms
of O(γ2), we find δµ = γ/4 and ∆1 = −∆2 =
γ/(8Ω) cos 2Ωt.
We then add small excitations to the uniform wave
functions as
ψ1(r, t) = e
−i(g+γ/4)t
[
cos(Ωt+ π/4)
×
(
1 +
iγ
8Ω
cos 2Ωt+ δψ1(r, t)
)]
, (A2a)
ψ2(r, t) = e
−i(g+γ/4)t
[
sin(Ωt+ π/4)
×
(
1− iγ
8Ω
cos 2Ωt+ δψ2(r, t)
)]
. (A2b)
We substitute these wave functions into the GP equa-
tion (1) and neglect the terms of O(γ2). After a straight-
forward calculation, we obtain
i
∂δψd
∂t
= −∇
2
2
δψd + g(δψd + δψ
∗
d)
+
γ
16
{
4(δψd + δψ
∗
d) +
ig
Ω
(δψs − δψ∗s )
+
[
4(2δψd + δψ
∗
d) +
ig
Ω
(δψs − δψ∗s )
]
cos 4Ωt
−
[
2ig
Ω
δψ∗d + 4(2δψs + δψ
∗
s )
]
sin 4Ωt
}
, (A3a)
i
∂δψs
∂t
= −∇
2
2
δψs
+
γ
16
{
− ig
Ω
(δψd + δψ
∗
d) + 4(δψs − δψ∗s )
−
[
ig
Ω
(δψd + δψ
∗
d) + 4(2δψs + δψ
∗
s )
]
cos 4Ωt
−4(2δψd + δψ∗d) sin 4Ωt
}
, (A3b)
These equations of motion reduce to Eq. (19) for γ = 0.
If we take the first and second lines in Eqs. (A3a) and
(A3b), i.e., if we drop the terms with sinusoidal functions,
the Bogoliubov matrix becomes


ǫk + g +
γ
4 g +
γ
4
igγ
16Ω
igγ
16Ω
−g − γ4 −ǫk − g − γ4 igγ16Ω igγ16Ω
− igγ16Ω − igγ16Ω ǫk + γ4 − γ4
− igγ16Ω − igγ16Ω γ4 −ǫk − γ4

 . (A4)
The eigenvalues of this matrix give the excitation spec-
trum, and are obtained as
ωd =
√
ǫk(ǫk + 2g) +
ǫkγ
4
√
ǫk(ǫk + 2g)
+O(γ2),(A5a)
ωs = ǫk +
γ
4
+O(γ2). (A5b)
These excitation frequencies reduce to ωd =√
ǫk(ǫk + 2g) and ωs = ǫk for γ = 0.
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